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 Predicting the behavior of wood structures under mixed mode loading

 Developing specific tools for three-dimensional configurations

 Consider thickness effect under variable environments

 Need for applications related to the inspection and diagnosis of structures

 Numerical development of the J-integral concept for 3D problems.

 The generalization toward its 𝐺𝜃
3𝐷 implementation form

 Several numerical applications are proposed

 The efficiency of the proposed integral is compared 
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Matériau bois

Chavanon Bridge (A89): France

Climatic loading Creep loadingMoisture variation

Crack

Opening mode In-plane Shear mode

Modes of fracture

Mode I Mode IIIMode IIMode I Mode IIIMode II

Out-of-plane shear mode

Orthotropic behavior and 

viscoelastic effects
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✓Scientific context

✓Analytical formulation (𝐽3𝐷-integral, 𝐺𝜃
3𝐷 , …)

✓Numerical implementation 

✓Conclusions and outlooks



5

Rice’s integral

Integration domain size 

for 2D

3D Closed volume and 

surfaces integration 

domains

The main advance of this form is the presence of an arbitrary crack front line enclosed by a 3D

surface

𝐽2𝐷 = Γ 𝑊.𝑛1 − 𝜎𝑖𝑗 . 𝑛𝑗 . 𝑢𝑖,1 . 𝑑Γ
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Stationary crack

1

Crack lips pressure Crack propagation

2 3

𝛿𝐿 = න

𝑉

න

𝑡

𝛿𝑊. 𝑑𝑉. 𝑑𝑡 = 0

න

𝑆

𝑊.𝑛𝑘 − 𝜎𝑖𝑗 . 𝑛𝑗 . 𝑢𝑖,𝑘 . 𝑑𝑆 + න

𝑉

𝜎𝑖𝑗 . 𝜀𝑖𝑗 ,𝑘
−𝑊,𝑘 . 𝑑𝑉 = 0

The J-integral formulation is based on the Noether's theorem application (Noether 1918) :

A Gauss-Ostrogradski transformation allows us writing the Lagrangian's invariance in the form:
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𝐺𝜃 = න

𝑉

(𝑃𝑘𝑗 . 𝜃𝑘,𝑗). 𝑛𝑗 . 𝑑𝑉 + න

𝑆𝐶𝐹
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𝑉Γ2

𝑊,𝑘 − 𝜎𝑖𝑗 . 𝜀𝑖𝑗 ,𝑘
. 𝜃𝑘 . 𝑑𝑉

1 2 3

Linear crack front Arbitrary crack front

Ԧ𝜃 =
Ԧ𝑐

Ԧ𝑐 . 𝐶𝑤
𝑜𝑛 𝑆Γ𝑜𝑢𝑡 𝑎𝑛𝑑

Ԧ𝜃 = 0 𝑜𝑛 𝑆Γ𝑖𝑛
Ԧ𝜃 =

Ԧ𝑐

Ԧ𝑐 . 𝑐𝑓𝑙 𝑑𝑙
𝑜𝑛 𝑆Γ𝑜𝑢𝑡 𝑎𝑛𝑑

Ԧ𝜃 = 0 𝑜𝑛 𝑆Γ𝑖𝑛

Crack width 𝐶𝑤

Ԧ𝜃 = 0

Ԧ𝜃 =
Ԧ𝑐

Ԧ𝑐 . 𝐶𝑤

𝑆𝑜𝑢𝑡
𝑆𝑖𝑛

Ԧ𝑐
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S in
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0
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𝐺𝜃 = න

𝑉

(𝑃𝑘𝑗 . 𝜃𝑘,𝑗). 𝑛𝑗 . 𝑑𝑉 + න

𝑆𝐶𝐹

𝜎𝑖𝑗 . 𝑢𝑖,𝑘 . 𝑛𝑗 . 𝜃𝑘 . 𝑑𝑆 − න

𝑉Γ2

𝑊,𝑘 − 𝜎𝑖𝑗 . 𝜀𝑖𝑗 ,𝑘
. 𝜃𝑘 . 𝑑𝑉

1 2 3

Definition of Ԧ𝜃 around a close crown

Ԧ𝜃 = 0 𝑜𝑛 𝑆Γ𝑜𝑢𝑡 ,
Ԧ𝜃 =

Ԧ𝑐

Ԧ𝑐 . 𝑑𝑤
𝑜𝑛 𝐶 ∩ 𝑆Γ𝑜𝑢𝑡 𝑎𝑛𝑑

Ԧ𝜃 = 0 𝑜𝑛 𝑆Γ𝑖𝑛

M

𝑑𝑤

Ԧ𝜃 = 0

Ԧ𝜃 =
Ԧ𝑐

Ԧ𝑐 . 𝑑𝑤𝑆𝑜𝑢𝑡

𝑆𝑖𝑛

Ԧ𝑐

Ԧ𝜃 = 0

Ԧ𝜃 = 0

Ԧ𝜃 = 0

The average energy release rate can be calculated with an integration of along the crack front line

divided by the crack width
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The finite element implementation is based on a Double Cantilever Beam loaded in an 

open mode. 
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Fracture surface
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Crack front line

Steel material characterized by :

- Thickness =20 mm

- Linear crack front line

- 𝐸 = 210𝑀𝑃𝑎, 𝜈 = 0,3

Crack front line

Cylindrical integration domain

cR

Specimen DCB
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Numerical results validate the non-dependence of the integration domain with

an average value of 30.3kJ/m²

We can shows the variations of the energy release rate versus 𝑅𝑐:
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Surface integration domains for the Bui’s integral :

𝐽𝐴𝑚 = Γ 𝑊.𝑛1 − 𝜎𝑖𝑗 . 𝑛𝑗 . 𝑢𝑖,1 . 𝑑Γ −  )𝐴(Γ
ቁ

𝑑

𝑑𝑥3
𝜎𝑖3. 𝑢𝑖,1 . 𝑑𝐴(Γ
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Surface integration domains for the Bui’s integral :

𝐽𝐴𝑚 = Γ 𝑊.𝑛1 − 𝜎𝑖𝑗 . 𝑛𝑗 . 𝑢𝑖,1 . 𝑑Γ −  )𝐴(Γ
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Comparison between J2D and J3D approaches 
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- J-integral parameter adapted to three-dimensional problems

- Numerical validation of the J-integral

- The definition of the average energy release rate distribution

along the crack front

- Non-dependence integration domain characterizing invariant

integral concept.

- Comparison with classical Amestoy’s integral

- Generalization of the M-integral for more complex problems

- Application to a M-integral applied for three dimensional

- Generalization of the local mechanical fields

- Experimental strain analysis using the image correlation

method
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